Abstract: Self-reconstruction of Bessel beams in inhomogeneous media is beneficial in light-sheet based microscopy. Although the beam's ring system enables propagation stability, the resulting image contrast is reduced. Here, we show that by a combination of two self-reconstructing beams with different orbital angular momenta it is possible to inhibit fluorescence from the ring system by using stimulated emission depletion (STED) even in strongly scattering media. Our theoretical study shows that the remaining fluorescence γ depends non-linearly on the beams' relative radial and orbital angular momenta. For various scattering media we demonstrate that γ remains remarkably stable over long beam propagation distances.
Introduction
The probability to induce nonlinear optical processes such as multi-harmonic generation or multi-photon excitation but also stimulated emission depends on the quantum state of an atom or molecule. But, it also depends on the intensity of the light interacting with that molecule. The phase delay between individual photons that hit the molecule's interaction cross-section defines the interference intensity and thereby the interaction probability. The relative photon phases δφ(r) depend on their state of coherence, but also on the relative linear and orbital angular momentum between the photons, δћk(r) = ћδ[∇φ(r)] and Δћl. Thereby, the correlations in momentum and phase between the many photons propagating through a large scattering medium determine the space-variant interactions between photons and molecules inside the large object [1, 2] . These spatial variations have a strong impact especially on modern light microscopy techniques.
It could be shown, that the initial phase profile of a laser beam with confined linear radial momentum increases the beam's penetration depth in a strongly scattering medium [3] . In other words, the initial distribution of phase and momentum determines the ratio of ballistic and diffusive photons while propagating through large dielectric media. This unexpected effect led to an improvement of light-sheet based (LSB) microscopes, where slightly focused laser beams illuminate only that part of the object, which is in the focal plane of an imaging system [3, 4] . The ultimate goal of these LSB microscopes is to generate a light sheet as thin as possible that penetrates as deep as possible into large biological samples without significant beam spreading and scattering.
The usage of self-reconstructing beams with narrow-band radial momentum, such as Bessel beams, enables high penetration depths and large depths of field at relatively high numerical apertures. However, due to their inherent extended ring system, which transports self-healing photons, image contrast is reduced in line-scanning LSB-microscopy [5, 6] . A completely different technique, STED, uses stimulated emission to enable super-resolution in point scanning microscopy by depleting unwanted excited fluorophores [7, 8] very locally around the center of the focus. A combination of both techniques, microscopy with selfreconstructing beams (MISERB) and STED-microscopy both in line-scanning mode, could enable ultra-thin light sheets even in thick scattering media. The realization of such a combination would require that first both the fluorescence excitation beam and the fluorescence depletion beam (STED beam) exhibit self-reconstructing capabilities in inhomogeneous media. Second, their difference in radial and orbital angular photon momentum, Δћk r and Δћl, must be matched such that the depletion efficiency is optimal and remains approximately propagation invariant despite significant scattering and loss in the photons' phase correlation.
Other techniques to increase the contrast in light sheet based microscopy are the use of a line confocal pinhole in the detection path [6, 9, 10] , structured illumination [5, [11] [12] [13] [14] or the use of multi-photon excitation [15] [16] [17] . Compared to these techniques the combination of Bessel beam light sheet microscopy and the STED principle enables the realization of potentially arbitrarily thin light sheets and thus arbitrarily high contrast and resolution perpendicular to the image plane, while still profiting from the increased penetration depth of Bessel beam illumination [3] . Unlike with structured illumination there is no need to record multiple raw frames per image, which makes this technique faster and eliminates the need for any post processing. It is furthermore less cost-intensive than two-photon excitation and despite the lower excitation and depletion wavelengths it also potentially less photo-toxic. This is due to the fact the light intensities involved in STED microscopy are up to 3 orders of magnitude smaller than the ones involved in two-photon microscopy.
Among the few studies that investigate the combination of light sheet microscopy with the STED [18] [19] [20] principle, only one theoretical study [20] investigates a static Bessel beam in an ideal, non-scattering environment and the depletion of the Bessel ring system.
In this paper we investigate theoretically and by computer simulations the relation between the radial and orbital angular momentum of the excitation beam and the depletion beam optimizing the depletion beam pattern in light sheet based microscopy with Bessel beam illumination. In this context, we investigate the stability of the depletion in strongly scattering media and show that it is possible to form superior light sheets using this illumination scheme compared to conventional Bessel or Gaussian beam illumination.
The STED-MISERB principle
The combination of these two microscopy techniques requires a phase shaping element that generates two different self-reconstructing beams, which are characterized by a very narrow radial angular spectrum. The first beam excites fluorescence proportional to its illumination intensity 
, which has a non-zero orbital angular momentum in addition to the narrow-band radial linear momentum. The angular spectra, i.e. the lateral Fourier transforms of the beams' fields, are δ-ring shaped:
The radial linear momentum scales with k 0 ⋅NA = 2π/λ ⋅ n⋅sinθ and is further enhanced by a factor α for the STED beam, corresponding to potentially different NAs of the excitation and the STED beam respectively. Figure 1 shows the schematic of the STED-MISERB setup, where both beams are displayed by their intensities in position space I(r) and by their ring-like power spectra in reciprocal Fourier space Ĩ(k r ). After combining the beams by a beam splitter, both beams propagate through a cluster of dielectric spheres, which are embedded in a fluorescing gel and serve as a model system for a scattering medium. During propagation, both beams are multiply scattered at the spheres, such that the intensity of each beam is characterized by interference patterns that become the less correlated to the initial profile the longer the beams propagate.
The resulting fluorescence ( ) 
The optimal STED beam in the non-scattering case
In a first step we aim to determine the optimal focusing of the STED beam relative to the excitation beam, i.e. we seek the optimal ratio of radial momentum
 and the optimal angular momentum  of the depletion beam in the absence of scatterers. In order to make STED-MISERB as energy efficient as possible and to minimize bleaching and potential photodamage, the overlap of the depletion beam with the excitation beam should be maximal in the ring system of the excitation beam and minimal in its center. The overlap between both beams, which differ in their phases through  and α, can be quantified by the normalized cross correlation coefficient of the corresponding intensity distributions [22] :
Here 2 2 (r') r'dr' (r') r'dr' becomes maximal for all relative linear radial momenta α and orbital angular momenta  being experimentally relevant.
The effect of the depletion beam on the resulting fluorescence distribution is quantified by the spatial fluorescence ratio ( , )
, which is defined by the integrated fluorescence in the central beam region [23] relative to the integrated fluorescence in the ring system: 
In order to find the optimal momenta opt α and opt  , the ratio ( , ) γ α  needs to be maximized too.
As ideal Bessel beams contain an infinite amount of energy, we approximate the ideal Bessel beam by a focused Gaussian beam with conical phase profile. In order to generate a Bessel beam of order  , the conical phase is modulated with an azimuthal phase ( ) , where n is the refractive index of the propagation medium [24] [25] [26] .
In order to perform our study as close as possible to potential experiments, we used an excitation wavelength of 488 (red curve). The optimal relative radial momenta are smaller for higher P ST , which per se results in a suboptimal beam overlap in the ring system (see Fig. 2(d) ). This is however not required for an efficient depletion due to the high STED peak power. It is more important to keep the beam overlap in the center as small as possible in order to minimize the depletion in the center, which is possible with a small relative radial momentum α. Figure  2 (d) displays the normalized beam profiles for the excitation and depletion beams as well as the resulting fluorescence distribution for both sets of beam momenta optimizing the fluorescence ratio. In both cases an efficient depletion of the ring system can be achieved, suppressing the peak fluorescence signal in the ring system to only 2.2% and 0.7% of the fluorescence signal in the center for 
is calculated for a plane wave with field ( ) pw E r propagating through a cluster of spheres. Here the symbol .. designates the average in x and y. Each scatterer induces a local phase delay on the wave front and thus increases
, respectively. This is illustrated in Fig. 3(a) . This measure allows the characterization of the scattering medium taking into consideration the change of the wavefront, which is crucial for coherent beam formation. Other measures as for example the scattering coefficient do not directly take this change into account.
After propagation through a cluster of spheres, Var[ ] δφ increases with the volume concentration C Vol of the dielectric spheres, or correspondingly with (x, y, z) ( ) Vol n nC δ δ = . As shown in Fig. 3(b) , the increase is nearly linear for both a plane wave and a superposition of plane waves such as a Bessel beam. Var[ ] δφ in Fig. 3 ), which have shown to be the optimal beams in the non-scattering case.
Light sheet generation in a strongly scattering medium
In order to assess the ability of the STED-MISERB configuration to create a thin light sheet even in a strongly scattering environment, we computed the light sheet fluorescence distribution that is generated by sweeping the illumination and the depletion beam over a field of view with extent 2x m : 
LS z F x y are shown for all 3 illumination modes in Fig. 4(a) . Figure 4 (b) displays the fluorescence distributions of the static beams in the center of the field of view, again averaged over 2 z Δ . It can be seen that the STED-MISERB light sheet features the thinnest main peak, even though it also has a weak but broad background compared to the Gaussian beam. While STED-MISERB and Bessel light sheet exhibit smooth average intensity profiles as a result of the self-reconstruction capabilities of the Bessel beams, the average beam profile of the Gaussian beam clearly shows inhomogeneities caused by the scattering medium. This is also highlighted in Fig. 4(c F y shows that STED-MISERB features the largest amount of spatial frequencies k y above the cutoff frequency of the Gaussian beam spectrum. This indicates the high axial resolution that can be achieved in 3D imaging even in scattering media using the concept of STED-MISERB: for a cutoff frequency of k y,max = 10/µm, a so far unreached axial resolution of Δy ≈2π/ k y,max ≈0.6µm inside the scattering object is possible. The axial resolutions that can be realized with the convential illumination modes are Δy ≈0.9µm for the Bessel light sheet and Δy ≈1.1µm for the Gaussian light sheet, indicating a resolution increase for the STED-MISERB light sheet of 33% and 45%, respectively. 
Summary and conclusions
We have shown by theoretical modelling and computer simulations that it is possible to generate light sheets with superior properties even in inhomogeneous media by the combination of self-reconstructing Bessel beams and the STED principle. The goal in light sheet based microscopy is to excite fluorophores only in a very thin section within an extended, scattering object. However, scattering deteriorates the illuminating wavefront, induces local phase delays, generates strong intensity variations within the illumination beam and thus hinders a smooth, homogeneous, spatially confined fluorescence excitation.
